
Finite-size catalysis in quantum 
resource theories
Patryk Lipka-Bartosik and Kamil Korzekwa

Soon on arXiv!



Collective transformations

𝑛 𝑅𝜖
𝑛 𝜌, 𝜎 = sup

𝑚
𝑛

inf
Λ∈𝐹

Λ 𝜌⊗𝑛 − 𝜎⊗𝑚 < 𝜖

𝑚𝜌

𝜌

𝜌

𝜌

𝜌 𝜎

𝜎

𝜎

Λ 𝜌⊗𝑛 ≈ 𝜎⊗𝑚

𝑅𝜖
∞ 𝜌, 𝜎 ≔ lim

𝑛→∞
𝑅𝜖
𝑛 𝜌, 𝜎
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Example: Thermodynamics (thermal operations)
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Collective transformations
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Example: Pure-state entanglement (LOCC)

LOCC
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Catalytic transformations
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Basic question: When is this possible?
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Catalytic transformations
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Catalytic transformations
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Catalytic transformations
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Catalytic transformations
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Catalytic transformations

Correlated-catalytic free transformation between 𝜌𝑆 and 𝜎𝑆 exists if for any 𝜖 > 0
there is a catalytic system 𝐶 in a state 𝜔𝐶 and a free operation Λ so that

Λ 𝜌𝑆 ⊗𝜔𝐶 = 𝜂𝑆𝐶

where

catalytic

weak correlations 

approximate 

𝜂𝐶 = 𝜔𝐶

𝜂𝑆 − 𝜎𝑆 < 𝜖

𝜂𝑆𝐶 − 𝜎𝑆 ⊗𝜔𝐶 < 𝑜(𝜖)

𝜌𝑆
𝜖

ℱ
𝜎𝑆



Catalytic transformations
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Example: Thermodynamics (thermal operations)
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Catalytic transformations

𝜓 𝜙𝜖

𝐻 𝜓𝐴 > 𝐻(𝜙𝐴)

Example: Entanglement (LOCC)
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Catalytic transformations
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Example: Quantum mechanics (unitaries)
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Catalytic transformations

𝜌 𝜎𝜖

Problem: What about the size of the catalyst?
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Catalytic transformations

𝜌 𝜎𝜖
Λ 𝜌⊗𝜔 ≈ 𝜎⊗𝜔

Problem: What about the size of the catalyst?
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Example: Thermodynamics (thermal operations)

𝐷 𝜌||𝛾 ≈ 𝐷 𝜎||𝛾 𝑑𝐶 ≈ ∞

P. Boes et. al., PRX Quantum (2022)

requires infinitely large catalysts

⇔ 𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾



Results



Suppose the rate 𝑅𝜖
𝑛 𝜌, 𝜎 can be written as

𝑅𝜖
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1
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Examples:

W. Kumagai and M. Hayashi, IEEE Trans. Inf. Theory (2017)

C. Chubb et. al., Quantum (2018)

C. Chubb et. al., Quantum (2018)

C. Chubb et. al., Comm. Math. Phys. (2017)

• Entanglement (LOCC),

• Thermodynamics (thermal operations),

• Coherence (incoherent operations),

• Classical communication (quantum channels).



Main Result

If 𝑅∞ 𝜌, 𝜎 > 1 then for all 𝜖 > 0 there exists a correlated-catalytic free operation
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with a catalyst 𝐶 of dimension 𝑑 = 𝑒𝑂(𝑛) where
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𝑅∞ 𝜌, 𝜎 − 1
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Main Result

If 𝑅∞ 𝜌, 𝜎 > 1 then for all 𝜖 > 0 there exists an 𝜖-correlated-catalytic free 
operation
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Application: Thermodynamics (thermal operations)

Let 𝜌 and 𝜎 be such that 𝜌,𝐻 = 0 and 𝜎,𝐻 = 0. Assume for some 𝜖 > 0 we have

Then 𝜌
𝜖

TO
𝜎.

M. P. Müller, Phys. Rev. X (2018)

𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾 .



Application: Thermodynamics (thermal operations)

Let 𝜌 and 𝜎 be such that 𝜌,𝐻 = 0 and 𝜎,𝐻 = 0. Assume for some 𝜖 > 0 we have

Then 𝜌
𝜖

TO
𝜎 with a catalyst of dimension 𝑑.

𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾 +
𝑐 𝜖

log 𝑑



Application: Thermodynamics (thermal operations)

Let 𝜌 and 𝜎 be such that 𝜌,𝐻 ≠ 0 and 𝜎,𝐻 = 0. Assume for some 𝜖 > 0 we have

Then 𝜌
𝜖

TO
𝜎 with a catalyst of dimension 𝑑 (sufficiently large).

𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾 +
𝑐′ 𝜖

log 𝑑



Application: Thermodynamics (thermal operations)

𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾 +
𝑐 𝜖

log 𝑑



Application: Thermodynamics (thermal operations)

𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾 +
𝑐 𝜖

log 𝑑

≈𝑎

Resonance in non-asymptotic transformations

𝑐 𝜖 → 0 for any 𝜖 > 0Resonance:

𝑅𝜖
′ 𝜌, 𝜎 → 0

K. Korzekwa et. al., Phys. Rev. Lett. (2019)

𝑣 ≔
𝑉 𝜌||𝛾 /𝐷(𝜌||𝛾)

𝑉 𝜎||𝛾 /𝐷(𝜎||𝛾)

𝑅𝜖
𝑛 𝜌, 𝜎 = 𝑅∞ 𝜌, 𝜎 −
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𝑛
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Application: Thermodynamics (thermal operations 𝛽 = 0)

𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾 +
𝑐 𝜖

log 𝑑



Application: Thermodynamics (thermal operations 𝛽 = 0)

𝐻 𝜎 > 𝐻 𝜌 +
𝑐 𝜖

log 𝑑



Application: Thermodynamics (thermal operations 𝛽 = 0)

𝐻 𝜎 > 𝐻 𝜌 +
𝑐 𝜖

log 𝑑

Initial: 𝜌 = diag(𝒑𝐢𝐧𝐢)

Final: a family {𝜎𝑘} with 𝜎𝑘 = diag 𝒑𝐟𝐢𝐧
with 𝐻 𝜎𝑘||𝛾 = const

𝑐 𝜖 → 0 for any 𝜖 > 0Resonance:

Goal: Perform 𝜌
𝜖

TO
𝜎𝑘



Application: Thermodynamics (thermal operations 𝛽 = 0)

𝐻 𝜎 > 𝐻 𝜌 +
𝑐 𝜖

log 𝑑
𝑐 𝜖 → 0 for any 𝜖 > 0Resonance:



Take-home messages

Correlated-catalytic operations “emulate” collective operations

Finite-size corrections to asymptotic rates imply bounds on the catalyst’s size

Collective effects (e.g. resonance) have counterparts in catalytic operations



Thank you!



Resonance

𝑅𝜖
∞ 𝜌, 𝜎 =

𝐷(𝜌||𝛾)

𝐷(𝜎||𝛾)
, 𝑅𝜖

′ 𝜌, 𝜎 =
𝐷 𝜌| 𝛾 𝑉(𝜎||𝛾)

𝐷(𝜎| 𝛾 3 𝑓𝑣 𝜖 , 𝑣 ≔
𝑉 𝜌||𝛾 /𝐷(𝜌||𝛾)

𝑉 𝜎||𝛾 /𝐷(𝜎||𝛾)

𝑐 𝜖 → 0 is equivalent to having 𝑓𝑣 𝜖 → 0
𝑐 𝜖 → 0 for any 𝜖 > 0

LOCC 𝜌 𝜆 ≈𝑎 𝜎
⊗𝑛

𝜌 𝜆 = 𝜌1
⊗𝜆𝑛 ⊗𝜌2

⊗ 1−𝜆 𝑛



Application: Thermodynamics (thermal operations)

Let 𝜌 and 𝜎 be such that 𝜌,𝐻 ≠ 0 and 𝜎,𝐻 = 0. Assume for some 𝜖 > 0 we have

𝐷 𝜌||𝛾 − 𝐷 𝜎||𝛾 >
𝑐′ 𝜖

log 𝑑
.

Then 𝜌
𝜖

TO
𝜎 with a catalyst of dimension 𝑑.

𝐷 𝜌||𝛾 − 𝐷 𝜎||𝛾 >
𝑐 𝜖

log 𝑑
+ 𝑜(1)

Suppose we can prepare any catalyst of a fixed dimension 𝑑 = 𝑒𝑂(𝑛). 
What is the error 𝜖 of our transformation?



Application: Thermodynamics (thermal operations)

Let 𝜌 and 𝜎 be such that 𝜌,𝐻 ≠ 0 and 𝜎,𝐻 = 0. Assume for some 𝜖 > 0 we have

𝐷 𝜌||𝛾 − 𝐷 𝜎||𝛾 >
𝑐 𝜖

log 𝑑
+ 𝑜 1 .

Then 𝜌
𝜖

TO
𝜎 with a catalyst of dimension 𝑑.

𝐷 𝜌||𝛾 − 𝐷 𝜎||𝛾 >
𝑐′ 𝜖

log 𝑑
.

𝐷 𝜌||𝛾 − 𝐷 𝜎||𝛾 >
𝑐 𝜖

log 𝑑
.



State transformations

𝜌 𝜎
Λ 𝜌 ≈ 𝜎

Basic question: When is this possible?

Λ

E. Chitambar, G. Gour, Rev. Mod. Phys. 91, 025001 (2019)

M. Horodecki, J. Oppenheim, Int. J. Mod. Phys. B 1345019 (2013)

Λ ∈ ℱ (free operations)



Basic Lemma

Suppose 𝑅𝜖
𝑛 𝜌, 𝜎 > 1 for some 𝜖 > 0 and some 𝑛 ∈ ℕ. Then

log 𝑑 = 𝑂(𝑛)

𝜌𝑆
𝜖

ℱ
𝜎𝑆

with a catalyst 𝐶 of dimension 𝑑 satisfying  



Application: Thermodynamics (thermal operations)

Let 𝜌 and 𝜎 be such that 𝜌,𝐻 ≠ 0 and 𝜎,𝐻 = 0. Assume for some 𝜖 > 0 we have

𝐷 𝜌||𝛾 − 𝐷 𝜎||𝛾 >
𝑐′ 𝜖

log 𝑑
.

Then 𝜌
𝜖

TO
𝜎 with a catalyst of dimension 𝑑.

𝐷 𝜌||𝛾 > 𝐷 𝜎||𝛾 +
𝑐 𝜖

log 𝑑
+ 𝑜(1)


