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FIG. 1: Geometrical representation of qubit pure states in the Bloch sphere.

III. PHASE SPACE WIGNER REPRESENTATION OF GKP ENCODED STATES

The Wigner function of a pure state | i is defined as
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with  (x) = hx| i the wavefunction description of the quantum system.

We consider infinitely squeezed GKP states, that is, the ideal logical qubit GKP states |ji with j = 0, 1. The corresponding
Wigner function reads21
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We now take into account arbitrary pure qubit state superpositions of GKP states as | i = cos ✓
2 |0i + e

i� sin ✓
2 |1i, which can

be represented in the surface of the Bloch sphere as shown in Fig. 1.

The Wigner function for a qubit state reads
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A detailed derivation can be found in appendix A. Explicitly, we have
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which can be pictured in a grid of square cells of �q = �p =
p
⇡
2 . By analyzing Eq. 4 and Eq. 6, we thus observe that the

Wigner function consists of a sum of delta functions positioned at all the sites of the lattice in phase space with coordinates
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kind of boundaries between classical and quantum states [Zurek03]. The negative regions are
precisely what prevent the Wigner function from being regarded as a true probability distribu-
tion in phase space. It is not possible to explain these regions based on a “classical” description
of the corresponding physical system hence they are the signature of quantum effects. This idea
has been extended to the framework of QC in [Mari12]: they showed that Quantum Compu-
tations based solely on everywhere positive Wigner functions could be efficiently simulated by
classical computers.

The Wigner functions of some of the previously mentioned CV quantum states are plotted
in Figure II.2. Notice the negative regions for the Schrödinger cat and single photon states
II.2c and II.2d. These states indeed can only emerge from a quantum description of a harmonic
oscillator. Though squeezed states also bear the signature of a quantum behavior by beating
the shot noise limit in one quadrature their Wigner functions II.2b remain everywhere positive.

(a) (b)

(c) (d)

Figure II.2: Some examples of Wigner functions. (a) is the vacuum state, i.e. a coherent state
with ↵ = 0; (b) is a momentum squeezed vacuum state of momentum variance �p̂2

= 1/12,
corresponding to approximately 7.8 dB of squeezing; (c) is a Schrödinger cat state of the form
|↵i+ |�↵i, with ↵ = 2.5; and (d) is a single photon Fock state. Notice in particular the negative
regions for the last two states.

II.2.3 Homodyne detection

The most common Gaussian measurement in CV quantum information is homodyne detection,
consisting of the measurement of a quadrature (q̂ or p̂) of a bosonic mode. It is eventually
modeled as a projection on the infinitely squeezed quadrature basis |pi hp|. More precisely it
works as follows [Braunstein05].

The idea is to mix on a 50/50 beamsplitter (BS) the state to be measured with a local
oscillator, i.e. a coherent state with a large photon number and a well-defined phase (see
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QUANTUM COMPUTING WITH QUBITS

• We consider an array of two-level systems (qubits)

• Operations are implemented using quantum gates

• A Universal gate set is
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STABILIZER AND MAGIC STATES
• Stabilizer states are closed under Clifford
• Magic states enable non-Clifford operations through teleportation
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MAGIC AND STABILISER STATES

• Gottesman-Knill theorem:

D. Gottesman, arXiv:quant-ph/9807006 (1998)

A quantum computer based only on:
1. Qubits initialzed in a Pauli eigenstate
2. Clifford group operations
3. Pauli measurements
Can be simulated efficiently with a classical computer
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RESOURCES IN FAULT-TOLERANCE
• 2D topological codes: Only Clifford operations are natively fault-tolerant
• Magic-state distillation is a way for non-Clifford gates
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• Requires most of quibts/gates used Resource: Magic/ non-stabilizerness  

S. Bravyi, et al, PRA 71 022316 (2005)
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MAGIC MEASURES

• Relative entropy of magic, V. Veitch et al, New Journal of Physics 16, 013009 (2014)
• Robustness of magic, Howard et al, Phys. Rev. Lett. 118, 090501 (2017)
• Stabilizer rank, Bravyi et al, Quantum 3, 181 (2019)
• Stabilizer nullity and the dyadic monotone, Beverland et al, Quantum Science and Technology 5, 035009 (2020)
• Dyadic negativity, mixed state extend, generalised robustness, Seddon et al, PRX Quantum 2, 010345 (2021)

• Stabilizer Rény Entropy, Leone et al, PRL 128, 050402 (2022)
• Bell magic, Haug et al, arXiv:2204.10061 (2022)
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Continuous variables:
• Information encoded in q. modes
• Relevant observables have continuous 

spectra
• Infinite dimensional Hilbert space

Discrete variables:
• Discrete basis
• Information encoded in Qubits
• Finite dimensional Hilbert space
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FIG. 1: Geometrical representation of qubit pure states in the Bloch sphere.
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kind of boundaries between classical and quantum states [Zurek03]. The negative regions are
precisely what prevent the Wigner function from being regarded as a true probability distribu-
tion in phase space. It is not possible to explain these regions based on a “classical” description
of the corresponding physical system hence they are the signature of quantum effects. This idea
has been extended to the framework of QC in [Mari12]: they showed that Quantum Compu-
tations based solely on everywhere positive Wigner functions could be efficiently simulated by
classical computers.

The Wigner functions of some of the previously mentioned CV quantum states are plotted
in Figure II.2. Notice the negative regions for the Schrödinger cat and single photon states
II.2c and II.2d. These states indeed can only emerge from a quantum description of a harmonic
oscillator. Though squeezed states also bear the signature of a quantum behavior by beating
the shot noise limit in one quadrature their Wigner functions II.2b remain everywhere positive.

(a) (b)

(c) (d)

Figure II.2: Some examples of Wigner functions. (a) is the vacuum state, i.e. a coherent state
with ↵ = 0; (b) is a momentum squeezed vacuum state of momentum variance �p̂2

= 1/12,
corresponding to approximately 7.8 dB of squeezing; (c) is a Schrödinger cat state of the form
|↵i+ |�↵i, with ↵ = 2.5; and (d) is a single photon Fock state. Notice in particular the negative
regions for the last two states.

II.2.3 Homodyne detection

The most common Gaussian measurement in CV quantum information is homodyne detection,
consisting of the measurement of a quadrature (q̂ or p̂) of a bosonic mode. It is eventually
modeled as a projection on the infinitely squeezed quadrature basis |pi hp|. More precisely it
works as follows [Braunstein05].

The idea is to mix on a 50/50 beamsplitter (BS) the state to be measured with a local
oscillator, i.e. a coherent state with a large photon number and a well-defined phase (see

Bloch Sphere Phase space representation
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NEW MEASURE

N-qubit state GKP Wigner 
function

WLN per cell
Subtract inherent 
negativity
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GOTTESMAN-KITAEV-PRESKILL CODE
• Error correction code for continous variable systems to encode qubits
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II.2.3 Homodyne detection

The most common Gaussian measurement in CV quantum information is homodyne detection,
consisting of the measurement of a quadrature (q̂ or p̂) of a bosonic mode. It is eventually
modeled as a projection on the infinitely squeezed quadrature basis |pi hp|. More precisely it
works as follows [Braunstein05].

The idea is to mix on a 50/50 beamsplitter (BS) the state to be measured with a local
oscillator, i.e. a coherent state with a large photon number and a well-defined phase (see
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WIGNER FUNCTION
• Wigner Function represents a state in a phase-space

• Is Quasi-probability distribution
• Resource theory related to Wigner negativity

<latexit sha1_base64="8NHc9YgFqU5Y4iO/MW7BUZvxBBU="></latexit>

W⇢̂(q,p) ⌘
1

(2⇡)n

Z
dnxeipx

D
q +

x

2

��� ⇢̂
���q � x

2

E

q̂

14 CHAPTER II. QUANTUM PHYSICS FOR QUANTUM COMPUTATION

kind of boundaries between classical and quantum states [Zurek03]. The negative regions are
precisely what prevent the Wigner function from being regarded as a true probability distribu-
tion in phase space. It is not possible to explain these regions based on a “classical” description
of the corresponding physical system hence they are the signature of quantum effects. This idea
has been extended to the framework of QC in [Mari12]: they showed that Quantum Compu-
tations based solely on everywhere positive Wigner functions could be efficiently simulated by
classical computers.

The Wigner functions of some of the previously mentioned CV quantum states are plotted
in Figure II.2. Notice the negative regions for the Schrödinger cat and single photon states
II.2c and II.2d. These states indeed can only emerge from a quantum description of a harmonic
oscillator. Though squeezed states also bear the signature of a quantum behavior by beating
the shot noise limit in one quadrature their Wigner functions II.2b remain everywhere positive.

(a) (b)

(c) (d)

Figure II.2: Some examples of Wigner functions. (a) is the vacuum state, i.e. a coherent state
with ↵ = 0; (b) is a momentum squeezed vacuum state of momentum variance �p̂2

= 1/12,
corresponding to approximately 7.8 dB of squeezing; (c) is a Schrödinger cat state of the form
|↵i+ |�↵i, with ↵ = 2.5; and (d) is a single photon Fock state. Notice in particular the negative
regions for the last two states.

II.2.3 Homodyne detection

The most common Gaussian measurement in CV quantum information is homodyne detection,
consisting of the measurement of a quadrature (q̂ or p̂) of a bosonic mode. It is eventually
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WIGNER LOGARITHMIC NEGATIVITY 

• Resource theory of Wigner logarithmic negativity (WLN)
• Gaussian states are the free states
• Gaussian operations are the free operations

• Feature of GKP: All Clifford operations are Gaussian
• Transfer properties using GKP to define our measure
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WIGNER FUNCTION: GKP STATE
• Stabilizer states: ¼ of peaks are negative
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WIGNER LOG. NEGATIVITY: GKP STATE
• WLN is infinite negativity even for stabilizer states

• Lattice: We restrict to one unit cell
• WLN is non-zero for stabilizer states

• But constant! 
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WIGNER LOG. NEGATIVITY: GKP STATE

• WLN has constant value for stabiliser states
• WLN has maximal values for T/H-type states
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kind of boundaries between classical and quantum states [Zurek03]. The negative regions are
precisely what prevent the Wigner function from being regarded as a true probability distribu-
tion in phase space. It is not possible to explain these regions based on a “classical” description
of the corresponding physical system hence they are the signature of quantum effects. This idea
has been extended to the framework of QC in [Mari12]: they showed that Quantum Compu-
tations based solely on everywhere positive Wigner functions could be efficiently simulated by
classical computers.

The Wigner functions of some of the previously mentioned CV quantum states are plotted
in Figure II.2. Notice the negative regions for the Schrödinger cat and single photon states
II.2c and II.2d. These states indeed can only emerge from a quantum description of a harmonic
oscillator. Though squeezed states also bear the signature of a quantum behavior by beating
the shot noise limit in one quadrature their Wigner functions II.2b remain everywhere positive.

(a) (b)

(c) (d)

Figure II.2: Some examples of Wigner functions. (a) is the vacuum state, i.e. a coherent state
with ↵ = 0; (b) is a momentum squeezed vacuum state of momentum variance �p̂2

= 1/12,
corresponding to approximately 7.8 dB of squeezing; (c) is a Schrödinger cat state of the form
|↵i+ |�↵i, with ↵ = 2.5; and (d) is a single photon Fock state. Notice in particular the negative
regions for the last two states.

II.2.3 Homodyne detection

The most common Gaussian measurement in CV quantum information is homodyne detection,
consisting of the measurement of a quadrature (q̂ or p̂) of a bosonic mode. It is eventually
modeled as a projection on the infinitely squeezed quadrature basis |pi hp|. More precisely it
works as follows [Braunstein05].

The idea is to mix on a 50/50 beamsplitter (BS) the state to be measured with a local
oscillator, i.e. a coherent state with a large photon number and a well-defined phase (see
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EXTENSION TO N-QUBITS
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NEW MEASURE

N-qubit state GKP Wigner function WLN per cell

Subtract inherent negativity

+++++
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THE MEASURE

• No obvious connection to continuous variables left
• We recover the st-norm! 

• And prove that it is a magic measure for pure states
• And the stabilizer Rényi entropy for  ⍺= ½

• Easier to compute than other measures (up to 12 qubits on a laptop)
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PROPERTIES

• Faithfulness

• Invariance under Clifford unitaries

• Invariance under composition

• Additivity
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BOUNDS ON OPERATOR COST

Upper Bound
Given by existing algorithm

• Allows for optimization
• Use teleportation circuits and magic measures to find lower bounds
• Lower bound gate synthesis

• e.g. how many T-gate needed at least to implement
• Form of our measures allows for analytical expressions

Lower Bound
No better algorithm is possible
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MULTIPLY CONTROLLED PHASE GATE
• Analytical solution for
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CONCLUSION
• Defined a magic measure
• Based on CV techniques and resources, we recover the st-norm and upgrade its status

• Its structure allows easier numerical computation and analytical values
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OUTLOOK
• Generalise to qudits
• Transfer more results from CV to DV via error correction codes





2022-12-04 Phys. Rev. Lett. 128, 210502 27

BOUNDS
• Coincide with the ones obtain by the robustness
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MIXED QUBIT STATES
• The Wigner log. Negativity can be smaller than the one for 

pure stabilizer states
•Need attribute for that

• But for 
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CHOI-JAMIOLKOWSK ISOMORPHISM
• Bijection between channel and state
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