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Time-Translation Symmetry
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A quantum state ⇢ 2 D(A) is time-translation invariant if
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A quantum channel N 2 CPTP(A ! B) is said to be time-translation covariant
if
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Time-Translation Symmetry
The Pinching Channel <latexit sha1_base64="rT9VlZgYROFWailb1gFdEs/xdSE="></latexit>
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The pinching channel is defined with respect to an Hamiltonian
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Properties:
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1. The pinching channel is itself time-translation covariant.
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2. The pinching channel is idempotent; i.e. P = P � P.
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3. A density matrix ⇢ 2 D(A) is time-translation invariant i↵ P(⇢) = ⇢.
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5. The pinching channel can be expressed as a random unitary channel.

<latexit sha1_base64="a3aHCog8Iru/PHkbTziHbSZ84Gs="></latexit>

4. If N 2 CPTP(A ! B) is time-translation covariant then
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Quantification of Time-Translation Asymmetry

Time-Translation
Invariant States

All States
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Let D(⇢k�) := Tr[⇢ log ⇢]� Tr[⇢ log �] and H(⇢) := �Tr[⇢ log ⇢]. Then,
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Manipulation of Time-Translation Asymmetry
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Relatively non-degenerate Hamiltonians:
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ax � ax0 = by � by0 ) x = x0 and y = y0

Theorem: For relatively non-degenerate Hamiltonians
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Manipulation of Time-Translation Asymmetry
Consider the Hamiltonian
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Non-degenerate Bohr Spectrum:
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Let A be a physical system with Bohr energy spectrum, and let ⇢,� 2 D(A).

Then, the following are equivalent:

1. There exists a N 2 COV(A ! A) such that � = N (⇢).
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Manipulation of Time-Translation Asymmetry
Corollary:
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Quantum Thermodynamics

Free States: The Gibbs States
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Properties:

1. Gibbs states cannot be used to extract work.

2. Gibbs states have minimal energy for a given entropy.

3. Gibbs states are the only completely passive states.



Thermal Operations

Heat Bath
Fixed Temperature T

System Interacts 
with the Bath

Exchange of Heat 
and/or Particles

Quantum System A Quantum System Aʹ



Thermal Operations
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Three Basic Steps:

1. Thermal equilibrium. Any subsystem B, with Hamiltonian H
B
, can be

prepared in its thermal Gibbs state �
B
.

2. Conservation of energy. Unitary operation on a composite physical system

that commutes with the total Hamiltonian can be implemented.

3. Discarding subsystems. It is possible to trace over any subsystem (with a

well defined Hamiltonian) of a composite system.
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Thermal Operations
<latexit sha1_base64="hb4Eg3kVbQQCWbfkqredzLHfTUw="></latexit>

Three Basic Steps:

1. Thermal equilibrium. Any subsystem B, with Hamiltonian H
B
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.

2. Conservation of energy. Unitary operation on a composite physical system

that commutes with the total Hamiltonian can be implemented.

3. Discarding subsystems. It is possible to trace over any subsystem (with a

well defined Hamiltonian) of a composite system.
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UAB!A0B0
<latexit sha1_base64="ZW9Gvj18EnykWZXgMIl0mAg910E=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IruGqEeCF49o5JHAhswOszBhdnYz02tCCH/gxYPGePWPvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD7XzXrHklt05yCrxMlKCDPVe8avbj1kacYVMUmM6npugP6EaBZN8WuimhieUjeiAdyxVNOLGn8wvnZIzq/RJGGtbCslc/T0xoZEx4yiwnRHFoVn2ZuJ/XifF8MafCJWkyBVbLApTSTAms7dJX2jOUI4toUwLeythQ6opQxtOwYbgLb+8SpqXZe+qXLmvlKq1LI48nMApXIAH11CFO6hDAxiE8Ayv8OaMnBfn3flYtOacbOYY/sD5/AH3kY0A</latexit>

B0

<latexit sha1_base64="I9lLX4JKZh7Q2UO2V7WwqLjBUis=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IruGqEfUi0c08kiAkNlhFibMzm5mek3Ihj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXH0th0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHt1O/+cS1EZF6xHHMuyEdKBEIRtFKD9envWLJLbszkGXiZaQEGWq94lenH7Ek5AqZpMa0PTfGbko1Cib5pNBJDI8pG9EBb1uqaMhNN51dOiEnVumTINK2FJKZ+nsipaEx49C3nSHFoVn0puJ/XjvB4KqbChUnyBWbLwoSSTAi07dJX2jOUI4toUwLeythQ6opQxtOwYbgLb68TBrnZe+iXLmvlKo3WRx5OIJjOAMPLqEKd1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QP2DIz/</latexit>

A0 <latexit sha1_base64="0LXyEHOtjX2MeJSzY31O5Z93/aM="></latexit>

NA!A0 �
⇢A

�
= TrB

h
UAB!A0B0 �

⇢A ⌦ �B
�i

Lemma: The quantum channel below is a thermal operation.

<latexit sha1_base64="VDGBygQGiQt/OcSa5GdEXkQ9dRI=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY0nZXdOOygn1AG8pkOmnHzkzCzEQoof/gxoUibv0fd/6N04egogcuHM65l3vviVJGlXacD6uwtr6xuVXcLu3s7u0flA+P2irJJCYtnLBEdiOkCKOCtDTVjHRTSRCPGOlEk6u537knUtFE3OppSkKORoLGFCNtpHY/lZSTQbni2PWqX6t70LGDuu9WA0O8CzdwPOjazgIVsEJzUH7vDxOccSI0ZkipnuukOsyR1BQzMiv1M0VShCdoRHqGCsSJCvPFtTN4ZpQhjBNpSmi4UL9P5IgrNeWR6eRIj9Vvby7+5fUyHdfCnIo000Tg5aI4Y1AncP46HFJJsGZTQxCW1NwK8RhJhLUJqGRC+PoU/k/anu0Gtn/jVxqXqziK4AScgnPggipogGvQBC2AwR14AE/g2UqsR+vFel22FqzVzDH4AevtEy8Kj44=</latexit>0



Closed Thermal Operations

<latexit sha1_base64="z/8i79QQ7dZMgOgMTUyw9mOeToA="></latexit>

CTO(A ! A0
) :=

n
N 2 CPTP(A ! A0

) : N = lim
k!1

Nk , Nk 2 TO(A ! A0
)

o

<latexit sha1_base64="vITT6c57RmApYgCwi63VErASF+0=">AAACDnicdVDLSgMxFM34tr6qLt0Ea7FuyozP6qrVjTsVWhXaUjLpHRvMTIbkjlBKv8CNv+LGhSJuXbvzb0wf+EIPBE7OuZfkHD+WwqDrvjsjo2PjE5NT06mZ2bn5hfTi0rlRieZQ4UoqfekzA1JEUEGBEi5jDSz0JVz410c9/+IGtBEqKmM7hnrIriIRCM7QSo10ttwCyqUyiQaqAor2agBp+WQtV6qhoqX1jbWDRjrj5vcLO4Wtberl3T5oT3G93S8lQ4Y4baTfak3FkxAi5JIZU/XcGOsdplFwCd1ULTEQM37NrqBqacRCMPVOP06XZq3SpIHS9kRI++r3jQ4LjWmHvp0MGbbMb68n/uVVEwwK9Y6I4gQh4oOHgkRSG7PXDW0KDRxl2xLGtbB/pbzFNONoG0zZEj6z/0/ON/Pebn77bDNTPBzWMUVWyCrJEY/skSI5JqekQji5JffkkTw5d86D8+y8DEZHnOHOMvkB5/UDxOeaBA==</latexit>

The closure of the set TO(A ! A0
):

<latexit sha1_base64="zQSrEd7FtM32xLr+7jQzAnW631w="></latexit>

Theorem: The set CTO(A ! A0
) is closed and convex.

<latexit sha1_base64="KVQ71N/D+JYN+Xx56E59prl9jkk="></latexit>

Two undesirable properties:

1. The set TO(A ! A0
) is not closed in CPTP(A ! A0

).

2. The set TO(A ! A0
) is not convex.

<latexit sha1_base64="YXxFyMIdC+C9u1Uj4GQT0k4WIkY="></latexit>

TO(A ! A0
) denotes the set of all thermal operations in CPTP(A ! A0

).

<latexit sha1_base64="rmvjLisIl9YjlslEfzpzJs3qC3c="></latexit>

Lemma: The pinching channel P 2TO(A ! A).



Gibbs Preserving Covariant Operations
<latexit sha1_base64="nKFsigmH7qdSNEtlhkJuDMEQdGQ="></latexit>

Every thermal operation N 2 CPTP(A ! A0
) has two key properties:

1. NA!A0
is Gibbs preserving operation (GPO); that it, NA!A0

(�A
) = �A0

.

2. NA!A0
is time-translation covariant; i.e. N 2 COV(A ! A0

).

<latexit sha1_base64="Qm8AxtX+1dMwcXZzBECYs3gyF8U=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eGsGIF9ISox5BLh5rwlcCDdkuW9iw3Ta7WxMk/BIvHjTGqz/Fm//GBXpQ8CWTvLw3k5l5fsyoVLb9bWQ2Nre2d7K7ub39g8O8eXTcklEiMGniiEWi4yNJGOWkqahipBMLgkKfkbY/rs/99iMRkka8oSYx8UI05DSgGCkt9c183W24xVKtpyKrdnFZ7JsFu2wvYK0TJyUFSOH2za/eIMJJSLjCDEnZdexYeVMkFMWMzHK9RJIY4TEakq6mHIVEetPF4TPrXCsDK4iELq6shfp7YopCKSehrztDpEZy1ZuL/3ndRAW33pTyOFGE4+WiIGGW/nKegjWggmDFJpogLKi+1cIjJBBWOqucDsFZfXmdtCpl57p89VApVO/SOLJwCmdQAgduoAr34EITMCTwDK/wZjwZL8a78bFszRjpzAn8gfH5A6B1kSA=</latexit>

CPTP(A ! A0)

<latexit sha1_base64="LqxohscDEuJ6ecBCf7J+DdO0YpU=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIhjxQnaJUY+gB72JiTwSWMnsMMCE2dnNzKyGbPgPLx40xqv/4s2/cYA9KFhJJ5Wq7nR3eSFnStv2t5VaWl5ZXUuvZzY2t7Z3srt7dRVEktAaCXggmx5WlDNBa5ppTpuhpNj3OG14w6uJ33ikUrFA3OtRSF0f9wXrMYK1kR6uq7f5QqWtA1Q5Psl3sjm7aE+BFomTkBwkqHayX+1uQCKfCk04Vqrl2KF2Yyw1I5yOM+1I0RCTIe7TlqEC+1S58fTqMToyShf1AmlKaDRVf0/E2Fdq5Hum08d6oOa9ifif14p078KNmQgjTQWZLepFHJkvJxGgLpOUaD4yBBPJzK2IDLDERJugMiYEZ/7lRVIvFZ2z4uldKVe+TOJIwwEcQgEcOIcy3EAVakBAwjO8wpv1ZL1Y79bHrDVlJTP78AfW5w+ElZCU</latexit>

GPO(A ! A0
)

<latexit sha1_base64="5CrHHLsu4RxMyEQ2T1kqmy91dEY=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIhjxQnaJUY8gBz1iIo8EVjI7zMKE2dnNzKyGbPgPLx40xqv/4s2/cXgcFKykk0pVd7q7vIgzpW3720qtrK6tb6Q3M1vbO7t72f2DhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa9YXXiNx+pVCwU93oUUTfAfcF8RrA20sNNrZovVDo6RJXTs3w3m7OL9hRomThzkoM5at3sV6cXkjigQhOOlWo7dqTdBEvNCKfjTCdWNMJkiPu0bajAAVVuMr16jE6M0kN+KE0Jjabq74kEB0qNAs90BlgP1KI3Ef/z2rH2r9yEiSjWVJDZIj/myHw5iQD1mKRE85EhmEhmbkVkgCUm2gSVMSE4iy8vk0ap6FwUz+9KufL1PI40HMExFMCBSyjDLdSgDgQkPMMrvFlP1ov1bn3MWlPWfOYQ/sD6/AFx4ZCI</latexit>

GPC(A ! A0)

<latexit sha1_base64="u0JvwgCaA0z7NLkso3JWHfhXtUQ=">AAAB9XicbVDLTgJBEOz1ifhCPXqZCEa8kF1i1CPIxZuY8EpgJbPDLEyYnd3MzGoI4T+8eNAYr/6LN//GAfagYCWdVKq6093lRZwpbdvf1srq2vrGZmorvb2zu7efOThsqDCWhNZJyEPZ8rCinAla10xz2ookxYHHadMbVqZ+85FKxUJR06OIugHuC+YzgrWRHiq1u1y+3NEhKp+d57qZrF2wZ0DLxElIFhJUu5mvTi8kcUCFJhwr1XbsSLtjLDUjnE7SnVjRCJMh7tO2oQIHVLnj2dUTdGqUHvJDaUpoNFN/T4xxoNQo8ExngPVALXpT8T+vHWv/2h0zEcWaCjJf5MccmS+nEaAek5RoPjIEE8nMrYgMsMREm6DSJgRn8eVl0igWnMvCxX0xW7pJ4kjBMZxAHhy4ghLcQhXqQEDCM7zCm/VkvVjv1se8dcVKZo7gD6zPH4SRkJQ=</latexit>

CTO(A ! A0
)

<latexit sha1_base64="gJMwejOA+1ZdvATUsrmczq0tQ08=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIhjxQnaJUY+gF29iwiuBDZkdBpgwO7vOzJKQDd/hxYPGePVjvPk3DrAHBSvppFLVne4uL+RMadv+tlJr6xubW+ntzM7u3v5B9vCooYJIElonAQ9ky8OKciZoXTPNaSuUFPsep01vdDfzm2MqFQtETU9C6vp4IFifEayN5NYe8oVKRweocn6R72ZzdtGeA60SJyE5SFDtZr86vYBEPhWacKxU27FD7cZYakY4nWY6kaIhJiM8oG1DBfapcuP50VN0ZpQe6gfSlNBorv6eiLGv1MT3TKeP9VAtezPxP68d6f6NGzMRRpoKsljUjzgyX84SQD0mKdF8YggmkplbERliiYk2OWVMCM7yy6ukUSo6V8XLx1KufJvEkYYTOIUCOHANZbiHKtSBwBM8wyu8WWPrxXq3PhatKSuZOYY/sD5/APaTkEc=</latexit>

TO(A ! A0
)



Quantification of Quantum Athermality
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The Relative Entropy of a Resource:

Nonuniformity Quantum 
Coherence
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Deterministic Manipulation of Quantum Athermality

<latexit sha1_base64="orwlIOV20JuJOr3oxRQfJ0bnCmI="></latexit>

QA := IA +
X

x 6=y2[m]

sxy
rxy

|xihy|A � 0

<latexit sha1_base64="M2p7J0iWivdmjOzdkbuZ+dP8CUI="></latexit>

(⇢, �)
GPC���! (�, �)

<latexit sha1_base64="6EdPD/1AE/B9NJxDk/h4aZ+HnpM="></latexit>

⇢
Time-Translation

Covarinat Operations�������������! �

<latexit sha1_base64="7zfzJsTqweytbiD15Mo6m32Z5p4="></latexit>

Suppose P(⇢) = P(�)



The Quasi-Classical Case
<latexit sha1_base64="oH2nOdYSjAP/jAzvEj2HZ3Krthg="></latexit>

[⇢A, �A] = 0 ) ⇢A ⇠ pA , �A ⇠ gA

D. Janzing, P. Wocjan, R. Zeier, R. Geiss, and T. Beth, International Journal of Theoretical Physics 39, 2717 (2000)

<latexit sha1_base64="FcAWagCMfbRRIJg0z/SKvruPrLw="></latexit>

Theorem:

(pA,gA)
CTO���! (qB ,gB) () (pA,gA)

GPO���! (qB ,gB)

<latexit sha1_base64="ATEzSSJR0TSpeq9L1bearcsEbfs="></latexit>

() (pA,gA) � (qB ,gB)

<latexit sha1_base64="w9iI+e3lzUDOCP4anZQkA4Dw3aY="></latexit>

(pA,gA)
GPO���! (qB ,gB) () qB = EpA and gB = EgA

Relative Majorization:



The Church of the Trivialized Hamiltonian
<latexit sha1_base64="bbBKvb8mc5EqfVidtcyYqAG543E="></latexit>

For a trivial Hamiltonian H
A
= 0 the Gibbs states is uniform:

gA
= u(m)

:=
1

m

0

BBB@

1

1

.

.

.

1

1

CCCA
m := |A|

<latexit sha1_base64="DcjIEAEB9L7qMjIqitDomvumVEA=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw8wYJsktmIs3I2aDZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqen3AmlWV9GGvrG5tb27md/O7e/sFh4ei4LeNUENoiMY9F18eSchbRlmKK024iKA59Tjv+pD73O/dUSBZHTTVNqBfiUcQCRrDS0l29eTMoFC2zWi5Vqg6yTLdassuuJs6l7VoOsk1rgSKs0BgU3vvDmKQhjRThWMqebSXKy7BQjHA6y/dTSRNMJnhEe5pGOKTSyxanztC5VoYoiIWuSKGF+n0iw6GU09DXnSFWY/nbm4t/eb1UBRUvY1GSKhqR5aIg5UjFaP43GjJBieJTTTARTN+KyBgLTJROJ69D+PoU/U/ajmm7ZunWKdauVnHk4BTO4AJsKEMNrqEBLSAwggd4gmeDG4/Gi/G6bF0zVjMn8APG2ydXbI3b</latexit>

CTO

<latexit sha1_base64="Tl3XyEp3cKID0KPn0wmHzP5YraQ="></latexit>

If g = (k1
k , ..., km

k )T has rational components, then for any probability
vector p = (p1, ..., pm)T

(p,g) ! (r,u(k)) where r :=
mM

x=1

pxu
(kx)

Theorem: 



The Golden Unit of Athermality

<latexit sha1_base64="hIKkt63aS6JTiR3NttZS5H4hHTw="></latexit>

(|0ih0|A,uA)

Maximally Mixed State. Pure State

<latexit sha1_base64="ioA0NDJh7frWaZ+9j4odMiysrx0=">AAAB8HicdZDLSgMxFIYzXmu9VV26CbaCq2FmtNouhKIblxXsRdqhZNK0DU0yQ5IRyrRP4caFIm59HHe+jZm2FBX9IXD4/nPIOX8QMaq043xaS8srq2vrmY3s5tb2zm5ub7+uwlhiUsMhC2UzQIowKkhNU81IM5IE8YCRRjC8Tv3GA5GKhuJOjyLic9QXtEcx0gbdF8bN8aVXgNlOLu/Y5aLjeiXo2s5U0BDv1CkXFyQP5qp2ch/tbohjToTGDCnVcp1I+wmSmmJGJtl2rEiE8BD1ScuUAnGi/GS68AQeG9KFvVCaJzSc0u8TCeJKjXhgOjnSA/XbS+FfXivWvZKfUBHFmgg8+6gXM6hDmF4Pu1QSrNnIFAhLanaFeIAkwtpklIawuP3/ou7Z7rl9duvlK1fzODLgEByBE+CCC1ABN6AKagADDh7BM3ixpPVkvVpvs9Ylaz5zAH7Iev8CBZiPQg==</latexit>

|X| = 2
<latexit sha1_base64="HQPv5e5FGaafb17CnYtj0lKypvk=">AAAB9HicdZDNTgIxFIU7+IfjH+rSTSOYuJrMoCgsTFA3LjERJIEJ6ZQONHQ6Y9shIQPP4caFxrj1Ydz5NnaAEDV6kiYn37039/Z4EaNS2fankVlaXlldy66bG5tb2zu53b2GDGOBSR2HLBRND0nCKCd1RRUjzUgQFHiM3HuD67R+PyRC0pDfqVFE3AD1OPUpRkojt1Awx5fji8DUxuzk8rZVKdlOsQwdy54KalI8sSulBcmDuWqd3Ee7G+I4IFxhhqRsOXak3AQJRTEjE7MdSxIhPEA90tKWo4BIN5kePYFHmnShHwr9uIJT+n0iQYGUo8DTnQFSffm7lsK/aq1Y+WU3oTyKFeF4tsiPGVQhTBOAXSoIVmykDcKC6lsh7iOBsNI5pSEs/v6/aRQt58w6vS3mq1fzOLLgAByCY+CAc1AFN6AG6gCDB/AInsGLMTSejFfjbdaaMeYz++CHjPcvQRaP1A==</latexit>

|A| = m

Theorem: 
<latexit sha1_base64="/38/ROYJ2RIB1kd6neCxBe87Jtk="></latexit>

(|0ih0|A,uA) !
�
|0ih0|X ,uX

m

�<latexit sha1_base64="DcjIEAEB9L7qMjIqitDomvumVEA=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw8wYJsktmIs3I2aDZAg9nZ6kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqen3AmlWV9GGvrG5tb27md/O7e/sFh4ei4LeNUENoiMY9F18eSchbRlmKK024iKA59Tjv+pD73O/dUSBZHTTVNqBfiUcQCRrDS0l29eTMoFC2zWi5Vqg6yTLdassuuJs6l7VoOsk1rgSKs0BgU3vvDmKQhjRThWMqebSXKy7BQjHA6y/dTSRNMJnhEe5pGOKTSyxanztC5VoYoiIWuSKGF+n0iw6GU09DXnSFWY/nbm4t/eb1UBRUvY1GSKhqR5aIg5UjFaP43GjJBieJTTTARTN+KyBgLTJROJ69D+PoU/U/ajmm7ZunWKdauVnHk4BTO4AJsKEMNrqEBLSAwggd4gmeDG4/Gi/G6bF0zVjMn8APG2ydXbI3b</latexit>

CTO

<latexit sha1_base64="Kg1GySp+PC2F5YNJxXyuiiXaWY0="></latexit>

uX
m :=

1

m
|0ih0|X +

m� 1

m
|1ih1|X .

Xin Wang & Mark Wilde, Phys. Rev. Research 1, 033170 (2019)



Distillation
<latexit sha1_base64="U35/Pt0qAFyWDyMFjbrXukVCnvE="></latexit>

d
�
⇢A ! �B

�
:= min

N2CTO(A!B)

1

2

���B �N
�
⇢A

���
1

Gibbs State

All States

⇢
�

<latexit sha1_base64="UJxk+XowKHeAkVwsNghUfjvYw/Q=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWom5JIUZe1blxWsA9o0jKZTNqhM5kwMxFK6MqNv+LGhSJu/QZ3/o2TNgttPXDhcM693HuPH1MilW1/G4WV1bX1jeJmaWt7Z3fP3D9oS54IhFuIUy66PpSYkgi3FFEUd2OBIfMp7vjjm8zvPGAhCY/u1STGHoPDiIQEQaWlgXkcuD4ZVlwx4v1rV3FXkiGD/UamnpUGZtmu2jNYy8TJSRnkaA7MLzfgKGE4UohCKXuOHSsvhUIRRPG05CYSxxCN4RD3NI0gw9JLZ29MrVOtBFbIha5IWTP190QKmZQT5utOBtVILnqZ+J/XS1R45aUkihOFIzRfFCbUUtzKMrECIjBSdKIJRILoWy00ggIipZPLQnAWX14m7fOqc1Gt3dXK9UYeRxEcgRNQAQ64BHVwC5qgBRB4BM/gFbwZT8aL8W58zFsLRj5zCP7A+PwBHFaYQQ==</latexit>

d
�
⇢A ! �B

�

<latexit sha1_base64="I9KKEaH7h8NxD3MEWyzqnzfE4UY=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgasiUVl0W3biSCvYBnaFk0kwbmnmQZIQy9DfcuFDErT/jzr8x046gogdCDufcS06OnwiuNMYfVmlldW19o7xZ2dre2d2r7h90VZxKyjo0FrHs+0QxwSPW0VwL1k8kI6EvWM+fXuV+755JxePoTs8S5oVkHPGAU6KN5Loh0RNKRHYzrwyrNWw3sUEdYTu/G01UKE3kLBSMa1CgPay+u6OYpiGLNBVEqYGDE+1lRGpOBZtX3FSxhNApGbOBoREJmfKyReY5OjHKCAWxNCfSaKF+38hIqNQs9M1knlH99nLxL2+Q6uDCy3iUpJpFdPlQkAqkY5QXgEZcMqrFzBBCJTdZEZ0QSag2NeUlfP0U/U+6dds5sxu3jVrrsqijDEdwDKfgwDm04Bra0AEKCTzAEzxbqfVovVivy9GSVewcwg9Yb5/lFJGb</latexit>

N

<latexit sha1_base64="4iqu7ZE4/Nf6YyyR4RDB9TAbUnw="></latexit>

Distill"(⇢) = log sup
0<m2R

n
m : d

⇣
(⇢A, �A) !

�
|0ih0|X ,uX

m

� ⌘
 "

o

<latexit sha1_base64="t/fYoVs7fZajTXMrbYi2i56Rhw8="></latexit>

= D"
min

�
P(⇢)

���
�

<latexit sha1_base64="BWWGAxnyn1H9/xaZqPOePCtGqwA="></latexit>

D"
min(⇢k�) := min

0⇤IA

n
Tr[�⇤] : Tr[⇤⇢] � 1� "

o
Hypothesis Testing Divergence:



Distillation
<latexit sha1_base64="4iqu7ZE4/Nf6YyyR4RDB9TAbUnw="></latexit>

Distill"(⇢) = log sup
0<m2R

n
m : d

⇣
(⇢A, �A) !

�
|0ih0|X ,uX

m

� ⌘
 "

o

<latexit sha1_base64="t/fYoVs7fZajTXMrbYi2i56Rhw8="></latexit>

= D"
min

�
P(⇢)

���
�

<latexit sha1_base64="JQIgWWYUd22RBwEGBCaQ4hiGW0c="></latexit>

Distill(⇢) = lim
"!0+

lim sup
n!1

1

n
Distill"

�
⇢⌦n

�

= lim
"!0+

lim sup
n!1

1

n
D"

min

�
P(⇢⌦n)

���
�

= D(⇢k�)

Asymptotically:



Cost

<latexit sha1_base64="bSXr2/eKlXCwiLYBridHmkbs4rs="></latexit>

Cost"(⇢) = log inf
0<m2R

n
m : d

⇣ �
|0ih0|X ,uX

m

�
! (⇢A, �A)

⌘
 "

o

<latexit sha1_base64="tz9Cx06Dh29k39poU8A8E+navAc=">AAAB7nicdZDLSsNAFIYnXmu9VV26GSyCq5DUVtuFUHTjsoK9QBvKZDpph04mYeZECKEP4caFIm59Hne+jdMLRUV/GDh8/znMOb8fC67BcT6tldW19Y3N3FZ+e2d3b79wcNjSUaIoa9JIRKrjE80El6wJHATrxIqR0Bes7Y9vpn77gSnNI3kPacy8kAwlDzglYFD7qsdlAGm/UHTsWsVxS1Xs2s5M2JDSuVOrLEkRLdToFz56g4gmIZNABdG66zoxeBlRwKlgk3wv0SwmdEyGrGtKSUKmvWy27gSfGjLAQaTMk4Bn9PtERkKt09A3nSGBkf7tTeFfXjeBoOplXMYJMEnnHwWJwBDh6e14wBWjIFJTEKq42RXTEVGEgkkob0JY3v5/0SrZ7oVdvisX69eLOHLoGJ2gM+SiS1RHt6iBmoiiMXpEz+jFiq0n69V6m7euWIuZI/RD1vsXlhSPwg==</latexit>= 1 (Under GPC or CTO or TO)

Gibbs State

All States

⇢
<latexit sha1_base64="I9KKEaH7h8NxD3MEWyzqnzfE4UY=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgasiUVl0W3biSCvYBnaFk0kwbmnmQZIQy9DfcuFDErT/jzr8x046gogdCDufcS06OnwiuNMYfVmlldW19o7xZ2dre2d2r7h90VZxKyjo0FrHs+0QxwSPW0VwL1k8kI6EvWM+fXuV+755JxePoTs8S5oVkHPGAU6KN5Loh0RNKRHYzrwyrNWw3sUEdYTu/G01UKE3kLBSMa1CgPay+u6OYpiGLNBVEqYGDE+1lRGpOBZtX3FSxhNApGbOBoREJmfKyReY5OjHKCAWxNCfSaKF+38hIqNQs9M1knlH99nLxL2+Q6uDCy3iUpJpFdPlQkAqkY5QXgEZcMqrFzBBCJTdZEZ0QSag2NeUlfP0U/U+6dds5sxu3jVrrsqijDEdwDKfgwDm04Bra0AEKCTzAEzxbqfVovVivy9GSVewcwg9Yb5/lFJGb</latexit>

N
<latexit sha1_base64="Jf8EpeeTXLYxvpfpE2ANgBrBlE0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSEmkqMuiG5cV7AOaECbTSTt0MgkzE6Gk3bvxV9y4UMStP+DOv3GSZqGtB4Y5nHMv997jx4xKZVnfxsrq2vrGZmmrvL2zu7dvHhx2ZJQITNo4YpHo+UgSRjlpK6oY6cWCoNBnpOuPbzK/+0CEpBG/V5OYuCEachpQjJSWPLNSm1qOQHzIiMPyD1rTMydEauQHaTLzwlPPrFp1KwdcJnZBqqBAyzO/nEGEk5BwhRmSsm9bsXJTJBTFjMzKTiJJjPAYDUlfU45CIt00v2UGT7QygEEk9OMK5urvjhSFUk5CX1dmS8pFLxP/8/qJCq7clPI4UYTj+aAgYVBFMAsGDqggWLGJJggLqneFeIQEwkrHV9Yh2IsnL5POed2+qDfuGtXmdRFHCRyDCqgBG1yCJrgFLdAGGDyCZ/AK3own48V4Nz7mpStG0XME/sD4/AFjiZqo</latexit>

(|0ih0|,um)

<latexit sha1_base64="qC0qfI/yHI+ITxUj4KJhCViJFT0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSRS1GPRi8cK9gPSUDbbTbt0sxt2J4VS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcoOd9O4WNza3tneJuaW//4PCofHzSMirTlDWpEkp3ImKY4JI1kaNgnVQzkkSCtaPR/dxvj5k2XMknnKQsTMhA8phTglYKumOiWWq4ULJXrnhVbwF3nfg5qUCORq/81e0rmiVMIhXEmMD3UgynRCOngs1K3cywlNARGbDAUkkSZsLp4uSZe2GVvhsrbUuiu1B/T0xJYswkiWxnQnBoVr25+J8XZBjfhlMu0wyZpMtFcSZcVO78f7fPNaMoJpYQqrm91aVDoglFm1LJhuCvvrxOWldV/7pae6xV6nd5HEU4g3O4BB9uoA4P0IAmUFDwDK/w5qDz4rw7H8vWgpPPnMIfOJ8/vL2RkA==</latexit>"

<latexit sha1_base64="OAhKmPD7Y0R51JDCTqw1YOsjX60="></latexit>

= D"
max (⇢k�) (Under Gibbs Preserving Operations)

Xin Wang & Mark Wilde, Phys. Rev. Research 1, 033170 (2019)



Sublinear Athermality Resources (SLAR)
<latexit sha1_base64="PCRYCu+f3KlojWajrxJrxR6Om04="></latexit>

Definition: A sublinear athermality resource (SLAR) is a sequence of quantum
athermality systems {Rn}n2N, such that:

1. |Rn| = Poly(n)

2. There exists c > 0 and 0  ↵ < 1 such that
��HRn

��
1  cn

↵ for all n 2 N.

<latexit sha1_base64="DDco+japDVHIfoSLxig1L4fDALA="></latexit>

(|0ih0|,um)⌦
�
⌘Rn , �Rn

� CTO���! (⇢⌦n, �⌦n)

<latexit sha1_base64="GZPu0mC7enHUApbHxnWp6EuHTCw="></latexit>

(|0ih0|,um)
CTO+SLAR��������! (⇢⌦n, �⌦n)



Asymptotic Cost

<latexit sha1_base64="DDco+japDVHIfoSLxig1L4fDALA="></latexit>

(|0ih0|,um)⌦
�
⌘Rn , �Rn

� CTO���! (⇢⌦n, �⌦n)

<latexit sha1_base64="GZPu0mC7enHUApbHxnWp6EuHTCw="></latexit>

(|0ih0|,um)
CTO+SLAR��������! (⇢⌦n, �⌦n)

<latexit sha1_base64="BEEvinYLtfKPHX3inavHMGfSs80="></latexit>

Theorem: If ⇢ is a pure state then

Cost(⇢) := lim
n!1

m

n
= D(⇢k�)



Future Work

<latexit sha1_base64="5s/hSfB4klsJDhAL2v4rAVpMT9E="></latexit>

| �i :=
mX

x=1

p
gx|xi and � =

mX

x=1

gx|xihx|

State with zero non-uniformity and the most coherence for a given Gibbs state:

<latexit sha1_base64="A5ZdgE7VTjO8NypT+wfscTfUPtM="></latexit>�
 � , �

�⌦k ⌦
�
|0ih0|,u

�⌦m GPC���!
�
⇢, �

�⌦n

Interconversions with two types of resources:

Coherence/Asymmetry Nonuniformity



Thank You!


