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QUANTUM METROLOGY

exploits quantum mechanical features

to improve the available precision

in measuring physical parameters
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(CONVEX) QUANTUM RESOURCES

ℱ

The set ℱ of free states is
⊷ Convex

(mixing and forgetting does not create 
any resource)

⊷ Closed
(the limit of a sequence of free states is 
a free state)



𝜌
𝛿ℱ

𝐷(ℋ) Free states
▪ Incoherent states: States diagonal in a chosen 

reference basis 𝑗 : 𝛿 ∈ ℱ: 𝛿 = σ𝑗 𝑝𝑗 𝑗 𝑗 , or 
equivalently 𝛿 = Δ 𝛿 with Δ 𝜌 = σ𝑗 𝑗 𝑗 𝜌 𝑗 𝑗

▪ E.g. for one qubit, with respect to the computational 
basis, the states 0 and 1 and their mixtures  
𝑝 0 0 + 1 − 𝑝 1 1 are incoherent (free); 
conversely, any equatorial state, i.e. + =

0 + 1 / 2, is a maximally coherent state.

Free operations
▪ Operations 𝒪 unable to create coherence, that   

map incoherent states into incoherent states       
(e.g. MIO, DIO, IO, SIO, …)

RESOURCE THEORY OF COHERENCE
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𝜎
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𝑅ℱ 𝜌 = min
𝜏

𝑠 ≥ 0 |
𝜌 + 𝑠 𝜏

1 + 𝑠
=: 𝜎 ∈ ℱ

ℱ

Convex optimisation

⊷ minimise Tr 𝜌𝑋 − 1

⊷ subject to
⊶ 𝑋 ≥ 0
⊶ Tr 𝜎𝑋 ≤ 1 ∀ 𝜎 ∈ ℱ

ROBUSTNESS OF A RESOURCE



Goal of the game: maximise 
the probability of success

𝑝𝑠𝑢𝑐𝑐 𝜌, Ψ𝑘 , 𝑀𝑘

= σ𝑘 Tr 𝑀𝑘Ψ𝑘(𝜌)

⊷ Notice: this includes channel 
discrimination (with Ψ𝑘 = 𝑝𝑘Λ𝑘) 
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In any convex resource theory, for every 𝜌

max
Ψ𝑘 , 𝑀𝑘

𝑝𝑠𝑢𝑐𝑐 𝜌, Ψ𝑘 , 𝑀𝑘

max
𝜎∈ℱ

𝑝𝑠𝑢𝑐𝑐 𝜎, Ψ𝑘 , 𝑀𝑘
= 1 + 𝑅ℱ 𝜌

𝑈𝑘 = e−𝑖𝜙𝑘𝐺



⊷ Quantum Cramér-Rao bound: the estimation error satisfies  
Δ𝜃2 ≥ 𝜈 𝐻 −1, where 𝐻 is the quantum Fisher information

⊷ Define metrological advantage: 𝑁𝑄 𝜌 = 𝑄 𝜌 −max
𝜎∈ℱ

𝑄 𝜎

𝜈
≫
1

tim
es

PARAMETER ESTIMATION



𝑁𝑄 𝜌 = 𝑄 𝜌 − max
𝜎∈ℱ

𝑄 𝜎

PARAMETER ESTIMATION
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NON CONVEX RESOURCES

Free states:  ℱ = 𝑗ℱ𝑗ڂ

𝜌

ℱ1

ℱ2

ℱ3



⊷ Quantum coherence in 
multiple reference bases 
(versatile sensors)

EXAMPLES

⊷ Thermodynamics with 
thermal baths at 
different temperatures 
(resource engines)

𝑇ℎ

𝑇𝑐
𝑇𝑤



⊷ The advantage w.r.t non-convex set ℱ = 𝑗ℱ𝑗ڂ
amounts to robustness w.r.t. the convex hull of ℱ

max
Ψ𝑘 , 𝑀𝑘

𝑝𝑠𝑢𝑐𝑐 𝜌, Ψ𝑘 , 𝑀𝑘

max
𝜎∈ℱ

𝑝𝑠𝑢𝑐𝑐 𝜎, Ψ𝑘 , 𝑀𝑘
= 1 + 𝑅conv(ℱ)(𝜌)

SUBCHANNEL DISCRIMINATION

a

b

c
ba c



⊷ The minimax advantage w.r.t. each subset ℱ𝑗
amounts to robustness w.r.t. the set ℱ = 𝑗ℱ𝑗ڂ

inf
𝑗

max
Ψ𝑘 , 𝑀𝑘

𝑝𝑠𝑢𝑐𝑐 𝜌, Ψ𝑘 , 𝑀𝑘

max
𝜎∈ℱ𝑗

𝑝𝑠𝑢𝑐𝑐 𝜎, Ψ𝑘 , 𝑀𝑘
= 1 + inf

𝑗
𝑅ℱ𝑗 𝜌 = 1 + 𝑅ℱ(𝜌)

WORST CASE DISCRIMINATION
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BLIND PHASE ESTIMATION

෨𝜃

𝜌

⊷ Only the spectrum of the generator 𝐺 known a priori
⊷ Eigenbasis (non-degenerate) revealed after preparation
⊷ Worst-case scenario: minimum quantum Fisher Info 𝑄

⊷ This requires coherence in all bases!



INTERFEROMETRIC POWER

෨𝜃

𝜌𝐴𝐵

⊷ Worst-case scenario: minimum quantum Fisher Info 𝑄

⊷ 𝑃 𝜌𝐴𝐵 =
1

4
inf
𝐺𝐴

𝑄(𝜌𝐴𝐵 ; 𝐺𝐴) for a bipartite probe 𝜌𝐴𝐵



INTERFEROMETRIC POWER
⊷ A measure of quantum discordant correlations
⊷ 𝑃 𝜌𝐴𝐵 = 0 if and only if 𝜌𝐴𝐵 = σ𝑖 𝑝𝑖 𝑖 𝑖 𝐴 ⊗ 𝜏𝑖 𝐵



WHAT ABOUT THE AVERAGE?
⊷ 𝑄 𝜌𝐴𝐵; 𝐺𝐴 𝒰 𝐺𝐴 = 0 if and only if 𝜌𝐴𝐵 =

𝕀𝐴

𝑑𝐴
⊗ 𝜏𝐵

⊷ Either local purity or correlations would be resources

avg Q

inf Q

Average for subchannel discrimination?
⊶ OPEN PROBLEM



SUMMARY             OUTLOOK
⊷ Convex resource theories

⊶ Every resource is useful for 
discrimination or estimation

⊷ Non-convex theories

⊶ Worst case discrimination 
advantage = robustness

⊶ Worst case estimation = 
interferometric power     
(local coherence = discord)

⊷ Hybrid resource theories

⊶ Worst case for hybrid 
state/measurements

⊷ Examples and applications

⊶ Quantum thermodynamics
⊶ Magic state distillation
⊶ Experimentally restricted 

settings and operations
⊶ Average figures of merit
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